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Abstract
Semiconductor quantum light sources are favorable for a wide range of quantum
photonic tasks, particularly quantum computing and quantum information process-
ing. Here we theoretically investigate the properties of quantum emitters (QEs) as a
source of entangled photons with practical quantum properties including heralding of
on-demand single photons. Through the theoretical analysis, we characterize the prop-
erties of a cascade (biexciton) emitter, including (1) studies of single-photon purity,
(2) investigating the first- and second- order correlation functions, and (3) determining
the Schmidt number of the entangled photons. The analytical expression derived for
the Schmidt number of the cascade emitters reveals a strong dependence on the ratio
of decay rates of the first and second photons. Looking into the joint spectral density
of the generated biphotons, we show how the purity and degree of entanglement are
connected to the production of heralded single photons.
Our model is further developed to include polarization effects, fine structure split-
ting, and the emission delay between the exciton and biexciton emission. The extended
model offers more details about the underlying mechanism of entangled photon pro-
duction, and it provides additional degrees of freedom for manipulating the system and
characterizing purity of the output photon. The theoretical investigations and the anal-
ysis provide a cornerstone for the experimental design and engineering of on-demand
single photons.
Keywords: Cascade emission, Entangled photon, First and Second-correlation
function, Schmidt number, Joint spectral density, Purity, Heralding, Polarization
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Quantum light sources including on-demand single-photon sources are promising candi-
dates in numerous frontier photonic and quantum technologies.1–4 Embracing both exper-
imental and theoretical investigations, single-photon emitters (SPE) as intrinsic building
blocks play an essential role in quantum communication,5 quantum computing4 and quan-
tum information processing.6In this area, a great deal of work has been done to characterize
quantum light production using nonlinear crystals7 or atomic systems,8 both of which suf-
fer from low photon emission rates and limited scalability. Moreover in a commonly used
method of twin-state generation, spontaneous parametric down conversion,9,10 the efficiency
is low and depends on an inherently in-determinant emission processes.
Semiconductor quantum dots as non-classical light emitters are of particular interest and
more favorable for single photon production11–14 due to their high compatibility with the cur-
rent semiconductor technology. It has been proven that these excellent quantum emitters11–15
can produce single-photon states with high efficiency that are stimulated both by optical12
and electrical16 excitation. Moreover, recent advances in fabrication techniques have paved
the road for the production of ideal semiconductor single-photon sources11,17–19 showing
that they possess significant capabilities for producing indistinguishable single-photons or
entangled-photon pairs.17,20 However the implementation depends upon the scalability of
quantum emitters (QEs), so the on-demand generation of more complex photonic states is
still a challenging task.
Generally, the characteristic properties of an ideal single-photon source can be classified
into three categories: (i) single-photon purity in which the field does not accommodate more
than one photon. This property is determined by the second-order intensity correlation
function g(2)(0) through the Hanbury Brown and Twiss (HBT) experiment.21,22 (ii) indis-
tinguishability, that is related to adjusting the quantum interference of two single-photon
wavepackets and can be measured via Hong–Ou–Mandel (HOM) interference.23,24 (iii) bright-
ness in which one measures the probability that each light pulse contains a single photon.
This measurement gives us more insight into the information contained in the second-order
2
coherence related to the photon number probabilities.22
These three properties have been defined differently depending on the scientific commu-
nity, although the essential features behind them are the same: a single-photon source should
generate light pulses with no more than one photon, the photon should be in a pure quantum
state, and it should be generated as efficiently as feasible. All three of these essential features
are determined by the second-order correlation function using different experiments.
In general correlation function measurements in the HBT experiment can be regarded as
determining the probability of finding two or more photons in the same pulse. This is one of
the parameters used to estimate the quality of the single photon source. This is significant on
the grounds that high single-photon purity assures the security of quantum communications
and minimizes errors in quantum computation and simulation.25,26
Bridging the concepts of an ideal SPE introduced here and the deficiency of scalable
single-photon sources motivates the present work, in which we dig into the underlying mech-
anism for generation of close-to ideal twin-photon states. As part of this, we map out
the characteristic parameters relevant to cascade entangled photon emission and show that
single-photons derived from pairs generated by cascade emission can be prepared directly in
pure states. In addition, we determine the degree of purity via correlation functions and we
provide a Schmidt number analysis. Through these studies, we address major obstacles in
the advancement of quantum photonics.
In our theoretical development, the generation of correlated photon pairs in semiconduc-
tor emitters is assumed to take place through a biexciton-exciton radiative cascade.11,13,14 In
this process, two electron–hole pairs form a biexciton state that radiatively decays with the
emission of two photons as mediated by a single exciton state being an intermediate. The
purity of the system is then limited by correlations within the photon pair as determined
by the rates of decay of emission of the first and second photons.1,3,27 This analysis is based
on the fact that the radiative biexciton cascade in a single semiconductor QD provides a
source of entangled photons.28,29 Starting from the biexcitonic ground state of a pre-excited
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QD, the first electron-hole recombination leads to emission of one photon, and then the sec-
ond electron of opposite spin recombines with a hole to give a second photon with opposite
polarization. This results in anticorrelation in the polarization of the emitted photons.30–33
Figure 1: Schematic of radiative decay of the biexciton state |XX〉 in a typical(asymmetric)
QD with fine-structure splitting ∆FSS. Here we assume the radiative decay of |XX〉 gen-
erates a pair of vertically or horizontally colinearly polarized photons;
1√
2
(|XXHXH〉 +
|XXVXV 〉).
Our analysis begins with the theoretical prediction just described, but then we progress
to a more sophisticated cascade model that is needed when generating entangled photons
from semiconductor QDs due to asymmetry in the geometry of the QDs. This imperfect-
ness induces splitting of the intermediate excitonic states, i.e., fine-structure splitting (FSS)
(∆FSS), which is modified as QD size varies. This means that we are required to describe
the QD biexciton cascade using a four-level system composed of the biexciton state (|XX〉),
two bright intermediate exciton levels (
∣∣XH(V )〉), and a ground state (|g〉).34 Spontaneous
decay of the biexciton state to the ground state thus occurs via two intermediate exciton
states leading to the emission of pairs of photons through the transitions |XX〉 → ∣∣XH(V )〉
and
∣∣XH(V )〉 → |g〉 respectively (see Fig. 1). Thus the intermediate excitonic states lead
to spin-dependent properties of the emissions. With nonzero-FSS,35,36 the degree of entan-
glement of the entangled polarization photon pairs is lower. However this can be modified
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using promising strategies that have been proposed in previous studies.37–42
Photon detection and quantum coherence functions in QEs
The essence of the HBT experiment is to recognize when the detectors are recording a pho-
tocurrent, since the detectors use the photoelectric effect to make local field measurements.
For one detector, the photon counting rate is defined by a first-order correlation function,43
G(1)(r, t) = 〈E(−)(r, t)E(+)(r, t)〉 . Here the E(+/−)’s are positive and negative frequency
parts of the fields and the detector is positioned at r. For two photons and two detectors,
the joint probability of observing one photoionization at point r2 between t2 and t2 + dt2
and another one at point r1 between t1 and t1 + dt1 with t1 < t2 is governed by the second-
order quantum mechanical correlation function which is measured in typical multi-photon
counting experiments.
In the first part of this work we assume that we have a perfect symmetric QD that
can produce highly entangled photons in which the FSS is zero (degenerate intermediate
states). All spin and polarization properties are therefore hidden in the notation that we
use to describe the states. In our cascade emission model, we define the almost perfectly
symmetric excited QD as a three-level system where we use |e〉 and |m〉 instead of |XX〉 and∣∣XH(V )〉 for the excited and the intermediate states respectively. From Fig. 2, we assume
that the system is initially (t = 0) in the top level |e〉 with energy ~(ωα + ωβ) and width γα.
This means that the lifetimes of the two-photon excited state is γ−1α . The first spontaneous
emission with frequency ωk is associated with the transition from |e〉 to the intermediate
state |m〉 and the second decay is to the ground state |g〉 via the emission of a photon of
frequency ωq. It should be noted that when γα > γβ, there will be some population growth
in the state |m〉, but if γα  γβ, the state |m〉 lives for a short period of time and another
photon is within a short time delay emitted in the second emission. The latter situation
(slow emission followed by fast emission) is the circumstance that we mainly focus on in this
5
Figure 2: Symmetric (almost perfect) QD source: Three-level configuration used for obser-
vation of the two-photon cascade emission.
work.
Power Spectrum Analysis: First-order Correlation Func-
tion
We assume that at time t = 0 the emitter is in the excited state |e〉 and the field modes are
in the vacuum state |0〉. Given this, the state vector of the particle-field system at time t is
described by
|ψ(t)〉 = ηe(t) |e, 0〉+
∑
k
ηm,k(t) |m, 1k〉+
∑
kq
ηg,kq(t) |g, 1k, 1q〉 (1)
where the symbol |1k, 1q〉 represents the tensor product |1k〉⊗|1q〉 of two single photon states
of frequency ωk(q) of subsystem α(β) with amplitude of η(ωk, ωq) ≡ ηkq. We determine the
states of the particle and radiation field as a function of time using the Weisskopf-Wigner
approximation where the particle in an excited state decays to the ground state with a
characteristic lifetime but it does not make back and forth transitions. From the Schrödinger
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equation we have
∣∣∣ψ˙(t)〉 = − i~ĤI |ψ(t)〉 (2)
Substituting Eq. 1 in the Schrödinger equation, we arrive at the equations of motion for the
amplitudes ηe, ηm,k and ηg,k,q,
η˙e = −i
∑
k
gαkηm,ke
i(ωα−ωk)t
η˙m,k = −igαkηee−i(ωα−ωk)t − i
∑
q
gβqηg,kqe
i(ωβ−ωq)t
η˙g,kq = −igβqηm,ke−i(ωβ−ωq)t
(3)
We assume that the modes of the field are closely spaced in frequency, so we replace the
summation over k and q by an integral,
∑
k → 2
V
(2pi)3
∫ 2pi
0
dφ
∫ pi
0
sin θdθ
∫∞
0
k2dk. Where V
is the quantization volume. The transition dipole; e 〈i| r |j〉 = µij and the radiative decay
constants are then defined as
γα = Γα/2 =
1
4pi0
4ω3αµ
2
em
3~c3
γβ = Γβ/2 =
1
4pi0
4ω3βµ
2
mg
3~c3
(4)
Here gα(β) can be taken as a constant associated with the spontaneous emission rate.43 We
then carry out simple integration following Eq. 3,44 and retrieve the probability amplitudes
as
ηm,k(t) = −gα,k e
i(ωk−ωα)t−γαt − e−γβt
(ωk − ωα) + i(γα − γβ)
ηg,kq(t) =
gα,kgβ,q
(ωk − ωα) + i(γα − γβ)
{
1− e−γβt+i(ωq−ωβ)t
ωq − ωβ + iγβ −
1− ei(ωk+ωq−ωα−ωβ)t−γαt
ωk + ωq − ωα − ωβ + iγα
} (5)
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The first emission arises from the transition from |e〉 to |m〉, at time t,
−
∑
k
gα
{
ei(ωk−ωα)t−γαt − e−γβt}
(ωk − ωα) + i(γα − γβ) |m〉 ⊗ |1 : ωk, α〉 (6)
This photon has a Lorentzian distribution in frequency with the width |γα−γβ|. If γα  γβ,
then the state does not stay for a long time, the second photon is emitted soon such that
the state is given by
∑
k,q
gαgβ
(ωk − ωα) + i(γα − γβ)
{
1− e−γβt+i(ωq−ωβ)t
ωq − ωβ + iγβ −
1− ei(ωk+ωq−ωα−ωβ)t−γαt
ωk + ωq − ωα − ωβ + iγα
}
|g〉 ⊗ |1k, α; 1q, β〉
(7)
Defining NEP as the coefficient of the two-photon state ; NEP = gαgβ =
2c
√
γαγβ
V 1/3
, we may
simplify the two-photon state in the long time limit (times long compared to the radiative
decay, t γ−1α , γ−1β ):
|2Pcas〉 =
∑
kq
ηcask,q |1k, α; 1q, β〉
ηcask,q =
NEP
(ωq − ωβ + iγβ)(ωk + ωq − ωα − ωβ + iγα)
(8)
It should be noted that in this limit, both ηm,k(t) and ηe(t) are zero and only ηcask,q ≡ ηg,k,q(∞)
survives which is known as the "joint spectral amplitude".
In order to visualize the spectra of the emitted photons, here we look into the one-photon
correlation function G(1)(τ), and its normalized counterpart g(1)(τ), which gives the degree
of first-order temporal coherence between the emission fields at time t and t + τ and takes
the values 0 ≤ |g(1)(τ)| ≤ 1 for all light sources.43,45
G(1)m (τ) = 〈E(−)m (t)E(+)m (t+ τ)〉
g(1)m (τ) =
〈E(−)m (t)E(+)m (t+ τ)〉
〈E(−)m (t)E(+)m (t)〉
m = α, β
(9)
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In the limit when the line width (γα(β)) goes to zero, the light field is perfectly coherent and
g(1)(∞) = 1. Using the above expression, the first-order correlation for a linear polarized
field E(+)(r, t) =
∑
k aˆke
−iωkt+ik·r is obtained as;
G(1)α (τ) = e
iωατ−(γα+γβ)|τ |, G(1)β (τ) = e
iωβτ−γβ |τ | (10)
However, an important property of the first-order correlation function is that it forms a
Fourier transform pair with the power spectrum expressed as: S(ω) =
1
pi
Re
∫∞
0
dτG(1)(τ)e−iωτ .
The spectrum is obtained by performing a photon number measurement for a specific mode
on a given state, i.e. for a given two-photon state density ρ, its spectrum is given by
S(ω) = Tr[aˆ†(ω)aˆ(ω)ρ]. Using Eq. 5, we arrive at
G(1)α (ω) =
∑
k
|ηm(ω, ωk)|2
G
(1)
β (ω) =
∑
k
|ηg(ωk, ω)|2
(11)
Hence, the distribution of the emitted photons in the frequency domain is the power spec-
trum, expressed as
Sα(ω) =
2c
V 1/3
γα + γβ
(ω − ωα)2 + (γα + γβ)2
Sβ(ω) =
2c
V 1/3
γβ
(ω − ωβ)2 + γ2β
(12)
We see that the distribution Sα(ω) associated with the first photon is given by a Lorentzian
centered at ωα and the width at half-maximum is the sum of the natural widths; 2(γα + γβ).
In the same fashion, the power spectrum of the second photon is given by Sβ(ω), leading to
a Lorentzian curve of width at half-maximum 2γβ, localized around ωβ. These bandwidths
are measures of the coherence time of the emissions.
Note that for a general pure two-photon state |2Pcas〉 =
∑
kq η(ωk, ωq) |1 : ωk, α; 1 : ωq, β〉,
9
Figure 3: Total spectral density in cascade fluorescence (Eq. 13). In these set of calculations
we assume that γα = 0.005 GHz, ωα = 1.5 GHz and ωβ = 3.5 GHz, as described in the text.
Different colors show how the spectra and density change as the ratio of Γβα =
γβ
γα
varies.
we define the spectral density based on summing up the lineshapes of the photons: S2EP (ω) =∑
k |η(ωk, ω)|2 + |η(ω, ωk)|2. This means, the emitted photon power spectrum is only deter-
mined by the diagonal elements of the corresponding density matrix. This also indicates
that the spectrum of a pure two-photon state is the same as that from the corresponding
diagonal density matrix.
Therefore the total spectral density is a blend of two Lorentzian functions with central
frequencies ωα, ωβ and widths γα + γβ and γβ respectively.
S2EP (ω) =
2c
V 1/3
[ γα + γβ
(ω − ωα)2 + (γβ + γα)2 +
γβ
(ω − ωβ)2 + γ2β
]
(13)
In Fig. 3, we plot the spectral density for cascade fluorescence (right panel). Different
colors show how the spectra change as the ratio of γβ/γα varies. The structure of the
emission spectrum and the tail behavior of the density is in agreement with a previous
work.46 The bimodal shape of the spectrum originates from overlap of the two emissions as
can be explained based on the contribution of each state according to its density of states. In
this figure, and elsewhere in this paper, we performed our calculations using parameters in
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the same range as polarization-entangled photon pairs from a biexciton cascade from a single
InAs QD embedded in a GaAs/AlAs planar microcavity.37,47 In those experiments the pair
of entangled photon emissions are at 1.398 eV and 1.42 eV. The following references30,48–50
are also relevant.
Second-order Correlation Function
Now consider the HBT experiment with a multiphoton source, where we look for the rate
of coincidences in the photon-count rates using two detectors. This rate is governed by a
second-order correlation function defined as,
G(2)(r, r′, t, t′) = 〈ψ|E(−)(r, t)E(−)(r′, t′)E(+)(r′, t′)E(+)(r, t) |ψ〉 (14)
in which the normalized form is
g(2)(r, r′, t, t′) =
〈E(−)(r, t)E(−)(r′, t′)E(+)(r′, t′)E(+)(r, t)〉
〈E(−)(r, t)E(+)(r, t)〉〈E(−)(r′, t′)E(+)(r′, t′)〉 (15)
Here |ψ〉 = ∑kq |1k, 1q〉 is the two photon state, and the correlation function refers to
detection of photon k (at r, t) followed by detection of photon q (at r′, t′).
In this work, the second-order correlation function for two-photon emission from cascade
emitters can be recast as
G(2)(t, t′) = 〈2Pcas|E(−)α (t)E(−)β (t′)E(+)β (t′)E(+)α (t) |2Pcas〉
=
∑
{n}
〈2Pcas|E(−)α (t)E(−)β (t′) |{n}〉 〈{n}|E(+)β (t′)E(+)α (t) |2Pcas〉
= 〈2Pcas|E(−)α (t)E(−)β (t′) |0〉 〈0|E(+)β (t′)E(+)α (t) |2Pcas〉
= Ψ∗(2)(t, t′)Ψ(2)(t, t′)
(16)
Where we defined Ψ(2)(t, t′) ≡ 〈0|E(+)α (t)E(+)β (t′) |2Pcas〉. Note here that a complete set of
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states; (
∑
{n} |{n}〉 〈{n}| = 1) is included. Since our two-photon state consists of |1k, 1q〉
and is annihilated by E(+)(t)E(+)(t′), only the |0〉 〈0| term survives, making the final form
of Eq. 16 relatively simple. (It is also true that only the vacuum level persists at long times
in the complete wavefunction).
Making use of the two-photon state introduced earlier in Eq. 8 for the detection at times
t and t+ τ , we then arrive at43
Ψ(2)(t, t+ τ) ≡ 〈0|E(+)α (t)E(+)β (t+ τ) |2Pcas〉
=
∑
kq
ηcase
−iωkt−iωq(t+τ)
= −V
1/3√γαγβ
c
e−(iωα+iωβ+γα)tΘ(t)e−(iωβ+γβ)τΘ(τ)
(17)
Here Θ(t) is a unit step function. If we are considering the HBT experimental setup with
two detectors (D1 and D2) for the measurements, the first term in the above expression
indicates that the ωα photon goes to the D1 detector and the second photon ωβ to D2. This
amplitude should be added to the vice-versa situation to determine the total amplitude,
where the latter has the same form here since both detectors are assumed to be located
the same distance from the QD source. Substituting the final expression from Eq. 17 into
Eq. 16 and ultimately back into Eq. 15, we see in our bipartite system, the correlations
between parts can be determined with the help of the following (normalized) cross temporal
correlation function,
g
(2)
× (t, t+ τ) =
〈2Pcas|E(−)α (t)E(−)β (t+ τ)E(+)β (t+ τ)E(+)α (t) |2Pcas〉
〈2Pcas|E(−)α (t)E(+)α (t) |2Pcas〉 〈2Pcas|E(−)β (t+ τ)E(+)β (t+ τ) |2Pcas〉
≈ V
2/3
c2
γαγβ
pi2
(
γβ
γα
− 1)
[
Θ(t)e−2γαtΘ(τ)e−2γβτ + Θ(−τ)e2(γβ−γα)τΘ(t+ τ)e−2γαt
](18)
With regards to the use of entangled photons in quantum photonics, there are always some
concerns about pure and reproducible entangled photon generation if the QD is degraded
or if the QD is re-excited after the entangled photons are emitted or background photons
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are present. Therefore the purity of the single-photon source is critical for high fidelity QD-
photon entanglement, and this generally can be evaluated through the HBT setup, where
the following experimentally relevant cross-correlation function is measured,
g
(2)
× (τ) = 〈g(2)× (t, t+ τ)〉t = lim
T→∞
∫ T
−T
g
(2)
× (t, t+ τ)dt (19)
Here the total detection time T is taken to be long compared to the single photon
pulsewidth (T → ∞). The above formulation involves calculating the normalized time de-
pendent second-order correlation function after integrating for a long enough time, 〈g(2)× (t, t+
τ)〉t.51 The purity of the system as a single-photon source is then extracted from g(2)× (τ =
0).52–54 For our three-level model of Cascade emission the second-order correlation function
is found to be
g
(2)
× (τ) ≈
V 1/3
c
γβ
pi
(
γβ
γα
− 1)
[
Θ(τ)e−2γβτ + Θ(−τ)e2γβτ
]
(20)
Here we see that g(2)× (τ) decays exponentially with |τ |, which makes sense given that the
second photon is emitted very shortly after the first. Also, g(2)× (τ = 0) depends on the radia-
tive decay rates of the two emissions, which is in agreement with the previous studies51,55,56,
and the quantization volume also plays a role.51 When γα  γβ, g(2)× (0) > 0, and a positive
pure cross correlation is found. Generally, the area of the peak; g(2)× (τ) around τ ∼ 0 (0th
peak) gives the normalized coincidence detection probability when two photons are incident
in different inputs of the beam splitter in the HBT experimental setup. Only in the limit
γα = γβ does this area go to zero. This makes sense as in this limit there is no entanglement
(see later discussion of Schmidt numbers).
In this derivation, we have assumed that a light pulse interacts with the system to
produce the initial biexciton excited state, and then this decays with no correlation to its
initial preparation. However in the actual experimental setup a series of pulses is typically
used to excite the system, and there may exist some amplitude from a previous pulse that has
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not decayed to zero when the next pulse arrives. This leads to a series of peaks in the g(2)× (τ)
function, but this is not important in the present study. We also note that the inclusion of
coherence between the excitation and emission steps will lead to a more complex peak at
τ = 0, as has often been discussed for other emitters.52–54,57 As we did in the time domain, in
Figure 4: Left: Second-order frequency cross correlation function g(2)× (ω, ω′) for the cascade
emission process in the frequency domain (logarithmic scale). Right: g(2)× (t, t + τ), the
normalized cross temporal correlation function. Here γβ/γα = 40, γα = 0.005 GHz, ωα =
1.5 GHz and ωβ = 3.5 GHz.
order to fully describe the correlations between two emissions, at different frequencies, ω and
ω′, one would have to compute a double Fourier transform according to the cross-correlation
definition; g(2)× (ω, ω′) =
1
pi2
Re
∫∞
−∞
∫∞
−∞ dt dt
′e−iωte−iω
′t′g
(2)
× (t, t
′). This function provides a
measure of resemblance of the two photons as a function of the frequency displacement of
one relative to the other. Applying the cross-correlation definition to Eq. 18, we obtain:
g
(2)
× (ω, ω
′) ≈ γαγβ
pi2
(
γβ
γα
− 1) 4γαγβ + (ω + ω
′ − ωα − ωβ)(ω′ − ωβ)
[(ω + ω′ − ωα − ωβ)2 + 4γ2α][(ω′ − ωβ)2 + 4γ2β]
(21)
This function is useful as it determines the width of the frequency anticorrelation asso-
ciated with the two emitted photons.
In Fig. (4), the g(2)× function in both time (right) and frequency (left) domains is depicted.
In the left plot, one observes that the function has significant values only on the anti-diagonal,
along the line ω + ω′ = ωα + ωβ. This implies that the corresponding states exhibit strong
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frequency anticorrelation. The width of the anti-diagonal which gives the characteristic
width of the frequency anticorrelation, is equal to γα. In the right panel of Fig. (4), g
(2)
×
from Eq. 18 is plotted versus t for different values of time delay τ and with γα < γβ. The
illustration shows the expected exponential decay of g(2)× with t as determined by the γα
rate, and also that there is exponential decay as a function of τ as determined by γβ. Note
that negative anti-correlation is obtained when γα > γβ, which is consistent with the recent
study.55
Heralded Single Photons
So far we have studied the properties of emitted entangled photons and the role of the relevant
spectral parameters in the emission spectrum. In this section, we focus on the influence of
frequency correlation on the purity of heralded single photons that are derived from the two
photon state. In the frequency dependence of the general state from a cascade emitter, the
two-photon component can be obtained from Eq. 8 which represents a pure state. Here the
joint spectral amplitude generally contains correlations between frequencies of the sibling
photons. As a result of this combination of purity and correlation, |2Pcas〉 is entangled in
the frequency of the two product photons. The purity of either heralded single photon that
originates from |2Pcas〉 can then be determined from the density matrix. It is worth recalling
that, this property is inversely related to the degree of the entanglement of our two-photon
state. For a bipartite two-photon source, the density matrix (from Eq. 8) reads as
ρcas = |2Pcas〉 〈2Pcas| =
∑
kq
|ηcask,q|2 |1k, α; 1q, β〉 〈1k, α; 1q, β| (22)
where |ηcask,q|2 is the joint spectral probability density. The purity of either heralded single
photon derived from |2Pcas〉 is related to the two reduced density operators of the partner
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photons, given by:
ρα = Trβρ =
∑
k
ξk |1 : ωk, α〉 〈1 : ωk, α| , where ξk =
∑
q
ηkq
ρβ = Trαρ =
∑
q
ζq |1 : ωq, β〉 〈1 : ωq, β| , where ζq =
∑
k
ηkq.
(23)
The purity of the individual photons is then determined using
Pα = Tr(ρ2α), Pβ = Tr(ρ2β). (24)
To see how the spectral correlations in |2Pcas〉 are involved in the purity of the heralded sin-
gle photons, we examine the Schmidt decomposition of the joint two-photon state. Schmidt
decomposition is a characteristic method for describing a bipartite system in terms of a com-
plete set of basis states. Through this decomposition, one can calculate the Schmidt number
which defines the “degree” of entanglement of the two-photon state. In this decomposition,
Eq. 8 becomes58–60
|2Pcas〉 =
∑
k
√
λk |φαk 〉 ⊗
∣∣∣φβk〉 , where 〈φµk∣∣φµq 〉 = δkq, and ∑
k
λk = 1. (25)
The orthonormal basis states
∣∣∣φµk(q)〉 (µ = α, β ) are known as Schmidt modes which can be
thought of as the basic building blocks of entanglement in the sense that if the first photon
is described by a function |φαk 〉, we know with certainty that its second sibling is determined
by the corresponding function
∣∣∣φβk〉. Note that each set depends only on one subsystem of
|2Pcas〉 and each pair of modes is weighted by its Schmidt magnitude, λk. The number of
mandatory non-zero components in the sum needed to construct the |2Pcas〉 state (in terms
of its Schmidt modes), indicates the effective number of modes that are correlated, while
the homogeneity in the distribution of coefficients is determined by the Schmidt number, κ,
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expressed as
κ =
1
Tr(ρ2α)
=
1
Tr(ρ2β)
=
1∑N
k=1 λ
2
k
(26)
Comparing Eq. 26 and Eq. 24, we realize that the purity of both reduced states is equal
to the sum of the squares of the Schmidt coefficients and thus the inverse of the Schmidt
number; Pα(β) = 1/κ. From the experimental point of view, this is relevant to the expected
number of required modes. It should also be pointed out that the number of non-zero
Schmidt coefficients in the sum is called the Schmidt rank, or sometimes the dimensionality
of the entanglement, as it represents the minimum local Hilbert space dimension required to
correctly represent correlations of the quantum state.60
Schmidt Analysis
We now provide an analytical determination of the Schmidt number for the cascade emit-
ter. Different numerical and analytical frameworks for the Schmidt decomposition of paired
photons have been proposed58–61 which we can use to advantage for characterizing separabil-
ity/purity of our bipartite two-photon state. To describe the cascade emission presented by
|2Pcas, αβ〉 =
∑
k,q η(ωk, ωq) |1 : ωk, α; 1 : ωq, β〉, we introduce |ψk〉 ∝
∑
m η(ωm, ωk) |1 : ωm〉
as a basis set in which we should find the normalization factor first ( i.e. 〈ψj|ψk〉 =∑
m η(ωm, ωk)η
∗(ωm, ωj)). We then construct the reduced density matrix. In our mathemat-
ical approach, we approximate the normalized |ψk〉 as a piece-wise state |φs〉 by discretizing
ωk into a small interval of 2γα, i.e. ωk = 2Nsγα where Ns is an integer. The normalized basis
set is therefore defined as
|φs〉 ≈
√
pi
γβ
(2γαNs − ωβ)2 + γ2β
4γ2α
∫ 2γα(Ns+1)
2γαNs
∑
m
η(ωm, ω)dω |1 : ωm〉 Ns = ωk/2γα (27)
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Here we have approximated the sum over ’m’ as
∑
m ↔
∫ L
2pic
dωm and used Cauchy’s integral
theorem. Then the orthonormal relations read as 〈φr|φs〉 ≈ δrs and we obtain the reduced
density matrix within a very good approximation as (see more details in SI).
ρred =
∑
Ns
γβ
pi
2γα
(2γαNs − ωβ)2 + γ2β
|φs〉 〈φs| (28)
Accordingly the “Schmidt coefficients” {√λs} are given by the square roots of the eigenvalues
of the reduced density matrix,
√
λs ≈
√
γβ
pi
2γα
(2γαNs − ωβ)2 + γ2β
and we can simply show that∑
s λs ≈ 1.
Generally finding an analytical expression for Schmidt modes and Schmidt number is
tricky and complicated. However using the purity definition which is the inverse of the
Schmidt number, it is possible to obtain the Schmidt number with no further approximation.
Thus the Schmidt number of the bipartite two photon state generated by cascade emission
can be obtained from Eq. 26. The resulting formula after some lengthy algebra is:
κ =
1∑
mn |
∑
k ηkmη
∗
kn|2
= 1 +
γβ
γα
(29)
We see that the minimum Schmidt number from this analysis falls at unity corresponding
to the limit γα  γβ. For this situation, the population of the doubly excited state in the
three-level QD source will decay to the intermediate state within a very short time, and
then the transition from intermediate level to ground state occurs on a longer time scale.
Therefore, the total energy of the two-photon state varies significantly as a function of time,
and there is weak frequency anti-correlation. Also, if γα is extremely large, de-excitation
from the top state occurs instantaneously after coupling to the radiation field is turned on,
and the second photon is uncorrelated from the first.
If γα is very small compared with γβ, then the second photon is emitted soon after the
first photon emission, and the fluctuations in the total energy of the two-photon state will be
negligible. This implies that the two photons have strong frequency anti-correlation, which is
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consistent with our earlier analysis. In the extreme case where γα is close to zero, the photon
pairs are fully frequency-anticorrelated, the expression for ηkq breaks down into η(ωk, ω−ωk)
, and the state is clearly in the form of a Schmidt decomposition. Due to the flatness of the
Figure 5: Joint spectral density (JSD) of QD emitter in three-level model. JSD profile
goes from a broad linewidth (γα) to being symmetric along the digonal while the ratio of
Γβα = γβ/γα is increased. Here we assume that γα = 0.005 GHz, ωα = 1.5 GHz and
ωβ = 3.5 GHz.
distribution of Schmidt coefficients, the corresponding Schmidt number can be very large.
From this we conclude that a larger ratio of γβ/γα gives rise to better frequency correlations
i.e. stronger entanglement of the total state.
In contrast to the high entanglement case, to collect heralded single photons in a pure
state, one must ensure that the relevant parameters of the system closely meet the condition;
γα  γβ. This also means that to separate the entangled photons into two single photons,
one should reduce correlations such that the Schmidt number has a low value. For the
cascade source we consider, the only way this can be done is to make the joint spectral
density given by |ηcask,q|2 be factorable.
We plot the Joint Spectral Density (JSD) in Fig. 5. This characterizes the joint spectrum
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of the two photons, and it can be manipulated via the emission bandwidths and by other
relevant parameters of the two photon state. Experimentaly this can be done by measuring
the JSD profile with tunable narrow band filters62 in a same manner as HOM quantum
interference quantifies the two-photon coherence bandwidth and the indistinguishability of
the photon pair. This is a common method for heralding the signal and idler photons in a
parametric down conversion experiment.
The JSDs in Fig. 5 illustrate how the frequency correlation is related to the degree
of entanglement of states of the two-photons when the ratio of γβ/γα is changed. Here the
vertical and horizontal axes show the frequencies of the first and second emissions. The direct
consequences of the entanglement are seen when the Schmidt number is decreased (going
from the left to the right) over the range κ = 21−2. The results indicate that the probability
of frequency correlation is highest in a very short range close to the transition frequencies,
ωα and ωβ. Noticeably we see that the distribution is highly aligned with the anti-diagonal
wherein ωα + ωβ = ωk + ωq when κ is high. As κ is decreased there is a broadening of
the distribution centered on ωq = ωβ. Also, the correlation intensity is reduced as the JSD
profile goes from being closely aligned along the anti-diagonal to a broadened line shape.
We may conclude that the more asymmetric and spread-out is the spectral density, the less
entangled the photons are.
The images in figure Fig. 5 also zoom in for a smaller frequency range around the anti-
diagonal, and paying closer attention to the middle part of these distributions in which the
intensity is very high. Overall, we recognize that a biphoton state can be ideally suited for
generating heralded pure-state single photons when the side lobes that hinder the generation
of the entangled photon, symmetrically are enhanced. Although the JSD is very informative
about the properties of the states, the JSD alone is insufficient to conclude that they are
frequency entangled.60
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Polarization Effects in Entangled Photons
Figure 6: Entangled photon generation from biexciton cascade emission: The final two-
photon state is created by sequential emission of two photons (XX and X) separated by a
short time delay τ . The resulting state is a superposition of horizontal (H) and vertical (V)
polarization states.
As we explained in the introduction section, it is more appropriate if we define a QD
biexciton cascade using a four-level system composed of a biexciton state (XX), two bright
intermediate exciton levels (XH(V )) with different polarizations(either horizontal (H) or ver-
tical (V)) and a ground state (g). Therefore, the decay proceeds via one of two paths (See
Fig. 6). Here we assume that the system is initially in a superposition of the biexciton-
exciton photonic states. After emitting the first photon, it evolves to the exciton (X) state
in which the degeneracy is split. The quantum dot remains in a superposition of XH and
XV for a time delay τe, during which a phase difference develops due to the fine structure
splitting ∆FSS between different exciton states. Finally, the exciton photon XH(V ) with the
same polarization as the first biexciton photon is emitted, and the QD goes back to the
ground state. The system is now found in a superposition of orthogonally polarized photon
pair states, with a phase between them that is characterized by the time delay τe (generally
in the order of tens of ps). If we denote the state of the photon in each emission by the
corresponding state of the QD, including for the polarization effect, our cascade two-photon
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emission wavefunction in Eq. 8 is modified to:
|2Pcas〉 = 1√
2
(∑
p,r
η(H)p,r |XXHXH〉+
∑
q,s
η(V )q,s |XXVXV 〉
)
for ∆FSS = 0
|2Pcas〉 = 1√
2
(∑
p,r
η(H)p,r |XXHXH〉+
∑
q,s
η(V )q,s e
i∆FSSτe/~ |XXVXV 〉
)
for ∆FSS 6= 0
(30)
Here
η(H)p,r =
N1
(ωr − ωβ1 + iγβ1)(ωp + ωr − ωα1 − ωβ1 + iγα1)
η(V )q,s =
N2
(ωs − ωβ2 + iγβ2)(ωq + ωs − ωα2 − ωβ2 + iγα2)
(31)
So the joint spectral density is defined as
JSH−V = |η(H)p,r + ei∆FSSτe/~η(V )q,s |2 (32)
With this perspective, we have more degrees of freedom for choosing the relevant parameters
Figure 7: Joint spectral density in cascade emission from typical QD. The polarization of
states is included. Different values of Γβα =
γβ
γα
and the phase φ = ∆FSSτe/~ = pi/4 are used.
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of the system to control purity of the output photons. Studies have shown that the maximum
entanglement is obtained when the ωαi = ωβj and γαi = γβj ( where i, j = 1, 2).28,29,63,64 We
are mostly interested in predicting the degree of the entanglement by looking at the joint
spectral density plotted in Fig. 7. Note that the horizontal axis is relative to the frequency
of XH(V ) in the excitonic transitions and the vertical axis is relevant to the frequency of
XXH(V ) in the biexcitonic transitions. Compared to the three-level model discussed earlier,
here the model is closer to reality and we see more details in the JSD plots. More impor-
tantly we see the star shaped emission pattern of exciton and biexciton more explicitly at
different frequencies when Γβα is higher. As this ratio becomes smaller from left to right,
the probability density becomes more circular in a narrow domain of frequency around ωα
and ωβ which assures better separation (greater purity) in the photon production. Note that
the broken symmetry on the right hand plot can be improved by optimizing geometry of the
QD experimentally37–42 and removing the phase term, φ = ∆FSSτ/~. Full analysis and more
details of other properties of cascade emitters with this model will be reported in our future
work.
Conclusion
In conclusion, we theoretically studied the underlying mechanism of entangled two-photon
generation in semiconductor QD emitters including use of these emitters as an on-demand
single photon source. We developed analytical expressions for the characteristic parameters
associated with the first- and second- order correlation function, and the Schmidt number
of the entangled cascade emission. We extended our model by including for the effects
of polarization and fine structure splitting, and the emission delay of the exciton relative
to the biexciton. The extended model broadens our vision to see the capacity of other
relevant parameters for the practical application of semiconductor quantum dot emitters as
single source emitters and offers more details about the underlying mechanism and purity
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properties of entangled photon production. Although we have only investigated this effect
in the joint spectral density, it is straightforward to include other properties as well. The
theoretical studies and the analysis here provides guidelines for the experimental design and
engineering of on-demand single photon source applications as diverse as quantum computing
and quantum information.
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